Finsler metrics, weakly complex Berwald metrics, complex Berwald metrics, and complex Finsler metrics with vanishing holomorphic curvature. He and Zhong studied the doubly warped product of complex Finsler manifolds [11] . However, (weakly) Kähler-Finsler metrics are still inadequate. One may wonder whether there are some other ways to construct special complex Finsler metrics.
In [15] , Wu and Zhong initiated a study on product complex Finsler manifolds, which are defined as follows. Let (M 1 , F 1 ) and (M 2 , F 2 ) be a pair of complex Finsler manifolds, and f (s, t) be a 1-homogeneous function on s and t. Denote K = F Under some necessary conditions of f , one can ensure that the complex Finsler metric (1.1) is strongly pseudoconvex. It is worth mentioning that for a given product complex manifold M = M 1 × M 2 , the product complex Finsler metric given by (1.1) is different from the warped product complex Finsler metric considered by He and Zhong in [11] , the latter is defined by
where f 1 and f 2 are positive smooth functions on M 1 and M 2 , respectively. These two classes of metrics (1.1) and (1.2) coincide only when f 1 and f 2 are constants, and f is linear in K and H .
Wu and Zhong [15] proved that if both (M 1 , F 1 ) and (M 2 , F 2 ) are Kähler-Finsler manifolds (resp. complex Berwald manifolds), then the product complex Finsler manifold (M, F ) with F given by (1.1) is a
Kähler-Finsler manifold (resp. complex Berwald manifold). Inspired by the work of Wu and Zhong, one may wonder whether the converse is correct or whether similar conclusions for weakly Kähler-Finsler manifolds (resp. weakly complex Berwald manifolds or complex Landsberg manifolds) still hold. This paper focuses on the invariant property of product method in constructing special complex Finsler manifolds. As our first main result, we prove the following. The remainder of this paper is organized as follows. In Section 2, we introduce some necessary definitions and notions. In Section 3, simplified characterizations for the product complex Finsler metric F given by (1.1) to be strongly pseudoconvex and strongly convex are obtained, respectively. In Section 4, we deduce some different types of connection coefficients, which shall serve the proofs of our main results. In Sections 5 and 6, we present the proof of Theorems 1.1 and 1.2, respectively.
Preliminaries
We refer to [3] 
Below, we denoteM as the complement of the zero section in T 1,0 M . And the Einstein summation convention is assumed throughout this study. For functions defined onM , we denote by lower indices such as i and j the derivatives with respect to the z -coordinates or v -coordinates, and use a semicolon to distinguish derivatives with respect to z and v , for example,
For simplicity, we set
Definition 2.1 ([3])
A complex Finsler metric F on a complex manifold M is a continuous function F :
Definition 2.2 ([3]) A complex Finsler metric F is called strongly pseudoconvex if the Levi matrix (or complex
Hessian matrix)
is positive definite onM .
Below, we denote Gj
The key point to study complex Finsler geometry is to linearize the geometry ofM by introducing a complex nonlinear connection, which is characterized by its connection coefficients. There are two complex nonlinear connections associated to a given strongly pseudoconvex complex Finsler metric F : the Chern-Finsler nonlinear connection and the complex Berwald nonlinear connection. We denote G i as the complex spray coefficients associated to F , where 
In general, δ i ̸ = X i ; however, for Kähler Finsler metrics, we have [19] 
We mention here that the horizontal radial vector fields χ = v i δ i and X = v i X i associated to the two nonlinear connections coincide [23] , i.e.
There are several complex Finsler connections associated to a given complex Finsler manifold (M, F ) . The most often used are the Chern-Finsler connection [3] and the complex Berwald connection [14] . 
In general, Γ i j;k and G i jk are locally functions of (z, v) and they are 0-homogeneous with respect to the fiber coordinate v . It is clear that
Definition 2.3 ([3, 9]) Let F be a strongly pseudoconvex complex Finsler metric on a complex manifold M .

F is called a Kähler-Finsler metric if in local coordinates, Γ
For the Chern-Finsler nonlinear connection, the following formulas hold [3] :
For the complex Berwald nonlinear connection, we have 
Proposition 2.1 ([23]) Let F be a strongly pseudoconvex complex Finsler metric on a complex manifold. Then (i) F is a weakly Kähler-Finsler metric if and only if X i (G) = 0; (ii) F is a Kähler-Finsler metric if and only if
where
.
By the above definition and formula (2.2), it is easy to check that every Kähler-Finsler metric is necessarily a complex Landsberg metric.
Characterizations of strong pseudoconvexity and strong convexity
Now we introduce the definition of product complex Finsler manifold [15] . Let (M 1 , F 1 ) and (M 2 , F 2 ) be two complex Finsler manifolds of complex dimensions m and n , respectively, and M = M 1 × M 2 be the product complex manifold of M 1 and M 2 . Below and throughout this paper, we assume the following ranges of indices:
where 
It is easy to see that F given by (3.1) is a complex Finsler metric on the product manifold M . We call (M, F ) a product complex Finsler manifold.
By the 1-homogeneity of f , it is easy to see that
∂K∂H and so on. In [15] , Wu and Zhong showed that F is strongly pseudoconvex onM 1 ×M 2 if and only if
We mention here that the above characterization of strong pseudoconvexity of F can be simplified. And we have the following proposition. 
Proof We only need to show that (3.5) implies
In fact, if (3.5) holds, by the third inequality in (3.5) and using (3.2) and (3.3), we obtain 
A similar argument to that in the proof of Proposition 3.1 yields that (3.7) is equivalent to (3.6) . This completes the proof. 2
Since Hermitian metrics are naturally strongly convex complex Finsler metrics, Proposition 3.2 provides an effective approach to construct strongly convex complex Finsler metrics via Hermitian metrics. [10, 19] ) Suppose that (M, α α α) and (N, β β β) are two Hermitian manifolds, and F ε is a product complex Finsler metric on the product manifold M × N with F ε defined as follows:
Example 3.1 (Szabó metric
where real numbers ε > 0 and p > 0 . Then
) .
Connection coefficients of product complex Finsler manifolds
At the beginning of this section, we list some basic results in [15] . Let (M 1 , F 1 ) and (M 2 , F 2 ) be two complex
Finsler manifolds, and (M, F ) be the corresponding product complex Finsler manifold as defined in Section 3.
We denote K = (K ab ) and H = (H αβ ) the complex Hessian matrices of K and H , respectively, and denote their inverse matrices by K −1 = (K ba ) and H −1 = (H βα ) , respectively.
Proposition 4.1 ([15]) The fundamental tensor matrix G and its inverse G −1 associated to the product complex Finsler metric F are given respectively by
Here, ∆ is given by (3.5).
From now on, we use the symbol '' ∼ " to mark the geometric objects associated to the complex Finsler metric F 1 or F 2 , depending on the different ranges of indices, for instance,Γ 
Proposition 4.4 (i) The complex spray coefficients G i associated to the product complex Finsler metric F are
(ii) the complex Berwald nonlinear connection coefficients G 
(ii) It follows form (i) that
Similarly, we obtain the rest of the equalities of (ii).
(iii) It follows form (ii) that
(iv) It follows by a similar argument to that in the proof of (ii). 
2
Remark 4.1 The three propositions above indicate that the six geometric objects
By Proposition 4.1 and a series of contractions, we obtain the following lemma. 
Lemma 4.1
By Proposition 4.1, we have
Secondly, we calculate L a bγ . According to the definition of L i jk , we have
A simple calculation yields 
By Proposition 4.1 and using (4.3), we have 
Proof By (4.3), we obtain
which together with equalities
which is (4.24); we obtain (4.25) similarly. (ii) It follows from Proposition 4.3.
(iii) By Definition 2.3, F is a weakly Kähler-Finsler metric if and only if
By Proposition 4.3, we obtain
Similarly, we get
It follows from (5.1), (5.2), and the fact that (iv) It follows from the fourth conclusion of Proposition 4.4.
Proof of Theorem 1.2
By symmetric property 
By plunging (6.2) and (6.3) into the expressions of L i jk (4.6)-(4.11), we obtain (6.1). Hence, the product complex Finsler metric F is a complex Landsberg metric.
Case 2. Suppose that F 1 and F 2 are both Kähler-Finsler metrics, then by conclusion (i) in Theorem 1.1, the product complex Finsler metric F is a Kähler-Finsler metric, which implies that F is a complex Landsberg metric.
Proof of the necessity
Suppose that the product complex Finsler metric F is a complex Landsberg metric, then equalities in (6.1) hold, and we have
Substituting expressions (4.8), (4.9), (4.24), and (4.25) into the four equalities in (6.4), respectively, yields 
